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Dqdo|vlv ri ihhgedfn  xlg txhxhv
Zhuqhu U1Z1 Vfkhlqkdugw
Devwudfw
Lq wklv duwlfoh zh frqvlghu wkh vwdwlrqdu| ehkdylrxu ri d fodvv ri
ihhgedfn  xlg txhxhv1 D ihhgedfn  xlg txhxh lv d qdwxudo jhqhudolvd0
wlrq ri wkh zhoo0nqrzq Pdunry prgxodwhg  xlg txhxh1 Wkh hvvhqwldo
glhuhqfh lv wkdw wkh fxuuhqw vwdwh ri wkh  xlg exhu lq xhqfhv wkh eh0
kdylrxu ri wkh uhjxodwlqj surfhvv1 Wkhuhiruh wkhvh prghov duh uhohydqw
iru wkh shuirupdqfh hydoxdwlrq ri fhuwdlq uhjxodwlrq phfkdqlvpv lq
whohfrppxqlfdwlrqv dffhvv qhwzrunv1 W|slfdoo|/ wkh| hqdeoh wkh dqdo0
|vlv ri phfkdqlvpv lq zklfk wkh frqwhqw ri d exhu lv gulyhq e| vrph
vrxufh surfhvv/ zkloh wkh vrxufh surfhvv lwvhoi lv lq xhqfhg e| ihhgedfn
vljqdov frplqj iurp wkh exhu1
Zh zulwh grzq wkh glhuhqwldo htxdwlrqv jryhuqlqj wkh vwdwlrqdu|
glvwulexwlrq iru d odujh fodvv ri wkhvh prghov/ dqg vxevhtxhqwo| vroyh
wkhp xvlqj wkh vshfwudo phwkrg1 Wkh xqnqrzq sdudphwhuv lq wkh
vroxwlrq duh ghwhuplqhg e| dq htxdo qxpehu ri erxqgdu| frqglwlrqv1
Nh|zrugv= Ioxlg txhxh/ exhu frqwhqw/ ihhgedfn/ vshfwudo phwkrg1
DPV Vxemhfw Fodvvlfdwlrqv +4<<4,  93N58
4 Lqwurgxfwlrq
Lq wkh duhd ri prghuq whohfrppxqlfdwlrq v|vwhpv/  xlg txhxhv duh riwhq
xvhg dv exuvw vfdoh prghov iru pxowlsoh{huv/ vhh h1j1 ^;‘/ lq sduwlfxodu fkds0
whu 4:1 Lq vxfk prghov/ wkh frqwhqw F+w, ri d  xlg txhxh +ru  xlg exhu,
fkdqjhv lq wlph dw d udwh zklfk lv ghwhuplqhg e| vrph vwrfkdvwlf surfhvv
+[+w,> w  3,1 Zkhq +[+w,, lv d Pdunry surfhvv zh duh ghdolqj zlwk d vr0
fdoohg Pdunry prgxodwhg  xlg prgho/ jrlqj edfn wr ^7‘ dqg ^5‘1 Wkh surfhvv
+[+w,, xvxdoo| uhsuhvhqwv wkh vrxufhv wkdw jhqhudwh wud!f wkdw lv wr eh fdu0
ulhg e| d whohfrppxqlfdwlrqv qhwzrun1 Wkxv/ wkh ehkdylrxu ri wkhvh vrxufhv
lv dvvxphg wr eh lqghshqghqw ri wkh fxuuhqw vwdwxv ri wkh  xlg exhu/ vlqfh
wkh surfhvv +[+w,, ehkdyhv dv dq dxwrqrprxv Pdunry surfhvv1
Lq ^<‘ wkh frqfhsw ri ihhgedfn  xlg prghov zdv lqwurgxfhg dv d phdqv wr
ghdo zlwk wklv vkruwfrplqj1 Wklv fodvv ri prghov irupv d qdwxudo h{whqvlrq ri
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wkh wudglwlrqdo Pdunry prgxodwhg  xlg prghov1 Lq sduwlfxodu/ wkh ehkdylrxu
ri wkh surfhvv +F+w,> w  3, lv ghwhuplqhg e| wkdw ri wkh surfhvv +[+w,, dv
ehiruh1 Krzhyhu/ wkh hyroxwlrq ri +[+w,, lv qr orqjhu dxwrqrprxv/ exw
ghshqgv rq wkh fxuuhqw vwdwh ri wkh  xlg uhvhuyrlu1 Lq rwkhu zrugv/ wkh
surfhvvhv +[+w,, dqg +F+w,, qrz lqwhudfw/ vlqfh wkh ghshqghqfh zrunv erwk
zd|v1
Vxfk ihhgedfn prghov duh sduwlfxoduo| uhohydqw lq prgholqj dgydqfhg
uhjxodwlrq phfkdqlvpv lq wkh dffhvv qhwzrun1 Zh phqwlrq wzr h{dpsohv lq
zklfk wklv lv ghprqvwudwhg/ qdpho| ^4‘ dqg ^9‘1 Lq wkh uvw sdshu d gxdo
ohdfn| exfnhw wud!f vkdshu lv dqdo|vhg/ hqiruflqj wkh shdn udwh/ vxvwdlqdeoh
udwh dqg pd{lpxp exuvw vl}h ri vrph frqqhfwlrq1 Wkh  xlg exhu prghov
wkh wrnhq exhu/ zkloh wkh gdwd exhu lv prghohg e| d wudglwlrqdo vlqjoh
vhuyhu txhxh/ ihg e| d Srlvvrq surfhvv ri duulylqj mrev1 Lq wklv zd| lw lv
srvvleoh wr fdswxuh wkh wzr0zd| ghshqfh ehwzhhq gdwd exhu dqg wrnhq
exhu1 Lq d odwhu h{whqvlrq ri wklv prgho/ wkh glvfuhwh txhxh zdv uhsodfhg
e| d  xlg txhxh gulyhq e| dq rq0r vrxufh/ wkxv ohdglqj wr d prgho lq zklfk
wzr  xlg exhuv lqwhudfw/ vhh ^8/ <‘1
Dqrwkhu duhd ri lqwhuhvw lv wkdw ri frqjhvwlrq dyrlgdqfh phfkdqlvpv lq
wkh dffhv qhwzrun1 Rqh srvvlelolw| iru wklv lv wkdw wkh vrxufhv uhfhlyh dq
h{solflw qrwlfdwlrq iurp wkh dffhvv urxwhu/ whoolqj wkhp zkhq dqg krz wr
dgdsw wkhlu wud!f jhqhudwlrq udwh1 Vxfk d surwrfro lv ghvfulehg dqg dqdo|vhg
lq ^9‘ zkhuh dq lqqlwho| odujh exhu lv ihg e| d qlwh qxpehu ri rq0r
vrxufhv1 Wkh ehkdylrxu ri wkh vrxufhv ghshqgv rq zkhwkhu wkh exhu frqwhqw
lv ehorz/ dw ru deryh d fhuwdlq wkuhvkrog1
Wkh frqwulexwlrq ri wkh fxuuhqw duwlfoh lv wkdw zh vkrz iru d odujh fodvv
ri ihhgedfn  xlg prghov +lqfoxglqj wkrvh lq ^4‘ dqg ^9‘, krz lw lv srvvleoh wr
dqdo|vh wkh vwdwlrqdu| ehkdylrxu1 Wkh w|sh ri ihhgedfn frqvlghuhg lv rqh lq
zklfk wkh uhjxodwlqj surfhvv ehkdyhv olnh vrph Pdunry surfhvv dv orqj dv wkh
frqwhqw ri wkh  xlg exhu lv ehwzhhq wzr wkuhvkrogv1 Wr eh pruh suhflvh/ zh
ghqh wkh v|vwhp wr eh lq uhjlph n zkhqhyhu wkh exhu frqwhqw lv ehwzhhq
wzr wkuhvkrogv EE&3 dqg EE&> n @ 4> = = = >N> dqg zh dvvxph wkdw wkh
uhjxodwlqj surfhvv ehkdyhv olnh d Pdunry fkdlq zlwk jhqhudwru TE& lq wklv
uhjlph1 Pruhryhu/ zh doorz wkh qhw udwh ri fkdqjh ri wkh ohyho surfhvv +F+w,,
wr ghshqg qrw rqo| rq wkh dfwxdo vwdwh ri wkh uhjxodwlqj surfhvv +[+w,,/ exw
dovr rq wkh fxuuhqw uhjlph1 D srvvleoh frqvhtxhqfh ri wklv pd| eh wkdw wkh
exhu frqwhqw surfhvv uhpdlqv dw vrph wkuhvkrog EE& iru d zkloh1 Lq wklv
fdvh/ glhuhqw jhqhudwruv TE& pd| eh vshflhg wkdw ghvfuleh wkh ehkdylrxu
ri wkh uhjxodwlqj surfhvv dw wkh wkuhvkrogv1
Wkh wkuhvkrog0olnh ehkdylrxu ri wkh  xlg udwhv kdv ehhq lqyhvwljdwhg
hduolhu lq ^6‘1 Krzhyhu/ wkh uhjxodwlqj surfhvv lq wkdw sdshu zdv d wuxh
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Pdunry0surfhvv/ hyroylqj lqghshqghqwo| ri wkh exhu frqwhqw surfhvv/ vr
wkdw lw glg qrw frqvwlwxwh d ihhgedfn  xlg prgho lq wkh vhqvh ghvfulehg
deryh1 Wkh pruh jhqhudo vhwwlqj ghvfulehg khuh pd| eh suhihuuhg wr wkdw lq
^6‘/ gxh wr wkh idfw wkdw wkh vwdwxv ri wkh exhu zloo riwhq qrw rqo| dhfw wkh
vhqglqj udwh ri wkh vrxufhv/ exw dovr wkhlu g|qdplfv= zkhq wkh vhqglqj udwh
ri d vrxufh gursv/ lwv dfwlylw| shulrg zloo odvw orqjhu1
Wkh uhpdlqghu ri wklv wh{w lv vwuxfwxuhg dv iroorzv1 Lq Vhfwlrq 5 zh
irupdoo| lqwurgxfh wkh prgho/ lqfoxglqj vrph dvvxpswlrqv1 Wkh glhuhqwldo
htxdwlrqv wkdw jryhuq wkh vwdwlrqdu| glvwulexwlrq duh ghulyhg lq Vhfwlrq 61
Lq Vhfwlrqv 7 dqg 8 zh vxevhtxhqwo| vroyh wkhvh iru wkh qlwh dqg lqqlwh
exhu fdvh/ xvlqj wkh vshfwudo phwkrg1 Lq sduwlfxodu zh pdnh vxuh wkdw wkh
xqnqrzq sdudphwhuv lq wkh vroxwlrq duh ghwhuplqhg e| dq htxdo qxpehu ri
erxqgdu| frqglwlrqv1 Ilqdoo|/ lq Vhfwlrq 9 zh looxvwudwh wkh surfhgxuh iru d
vlpsoh h{dpsoh1
5 Prgho
Zh frqvlghu d ihhgedfn  xlg txhxh dv lqwurgxfhg lq wkh suhylrxv vhfwlrq1
Khqfh ohw F+w, ghqrwh wkh  xlg ohyho lq wkh exhu dw wlph w dqg ohw [+w, eh
wkh vwdwh ri wkh uhjxodwlqj surfhvv dw wlph w1 Wkh vl}h ri wkh  xlg uhvhuyrlu
lv ghqrwhg e| E/ zklfk pd| eh qlwh ru lqqlwh1 Ixuwkhupruh zh lghqwli|
wkuhvkrogv EE&> n @ 3> = = = >N> vxfk wkdw
3 @ EEf ? EE ?    ? EEg3 ? EEg @ E 4=
Dw wlphv w zkhq EE&3 ? F+w, ? EE&> n @ 4> = = = >N> zh vd| wkh v|vwhp lv
lq uhjlph n/ zkloh zh vd| lw lv dw wkuhvkrog n dw wlph w zkhq F+w, @ EE&> n @
3> = = = >N1 Lq wkh uhpdlqghu dq| vxshuvfulsw E& zloo uhihu wr uhjlph dqg2ru
wkuhvkrog n1
Zh dvvxph wkdw wkh vwdwh vsdfh ri wkh surfhvv +[+w,, lv qlwh/ dqg zh gh0
qrwh lw e| V @ i4> = = = >Qj1 Wkh g|qdplfv ri wkh v|vwhp duh jlyhq dv iroorzv=
Zkhq wkh v|vwhp lv lq uhjlph n +dw wkuhvkrog n,/ wkh surfhvv +[+w,, ehkdyhv
olnh dq luuhgxfleoh Pdunry surfhvv zlwk jhqhudwru TE&+ TE&,1 Ixuwkhupruh/
wkh qhw udwh ri fkdqjh ri wkh surfhvv +F+w,, lv jlyhq e| uE& dw wlphv zkhq
wkh v|vwhp lv lq uhjlph n dqg [+w, @ l1 Iru hdfk uhjlph n/ wkhvh udwhv duh
froohfwhg lq d gldjrqdo pdwul{ UE& zlwk hohphqwv +UE&, @ u
E&
 1
Lq rughu wr vwdwh vrph dvvxpswlrqv rq wkh udwhv uE& / zh ghqh iru doo
6
uhjlphv wkh vxevhwv ri V frqvlvwlqj ri xs0vwdwhv uhvshfwlyho| grzq0vwdwhv/ dv
V
E&
n @ il 5 VmuE& A 3j +4,
V
E&
3 @ il 5 VmuE& ? 3j= +5,
Iurp qrz rq zh zloo dvvxph wkh iroorzlqj wr krog=
41 VE&n ^VE&3 @ V iru doo n/ l1h1 hdfk  xlg udwh lv qrq}hur1 Wklv dvvxpswlrq
lv pdgh iru wkh vdnh ri euhylw|1
51 VE&nn _VE&3 @ B iru doo n/ l1h1 wkhuh lv qr vwdwh l 5 V iru zklfk uE& ? 3
dqg uE&n A 3 iru vrph n1 Qrw rqo| grhv wklv dvvxpswlrq vhhp qdwxudo
wr pdnh iurp dq dssolfdwlrqv srlqw ri ylhz/ lw dovr h{foxghv fhuwdlq
dpeljxlw| sureohpv1
61 VE&n3 _ VE&3 9@ B iru doo n/ l1h1 hdfk wkuhvkrog fdq eh furvvhg grzq0
zdugv lq dw ohdvw rqh vwdwh l 5 V1
71 VE&nn _VE&n 9@ B iru doo n/ l1h1 hdfk wkuhvkrog fdq eh furvvhg xszdugv
lq dw ohdvw rqh vwdwh l 5 V1
81 Lq wkh fdvh zkhq E @4/ zh dvvxph wkh iroorzlqj vwdelolw| frqglwlrq/
[
'

Eg
 u
Eg
 ? 3> +6,
zkhuh Eg lv wkh vwdwlrqdu| glvwulexwlrq ri d Pdunry surfhvv zlwk
jhqhudwru TEg1 Khqfh wklv dvvxpswlrq hqwdlov wkdw wkh h{shfwhg udwh
ri fkdqjh ri wkh exhu frqwhqw surfhvv/ frqglwlrqdo rq wkh surfhvv
ehlqj deryh ohyho EEg3/ lv qhjdwlyh1
Qrwlfh wkdw/ zkhq [+w, 5 VE&n3 _ VE&n +zkhq wklv vhw lv qrqhpsw|,/ wkhuh
lv d frq xhqfh ri guliwv lq EE&/ vr wkdw wkh frqwhqw surfhvv pd| vwd| dw
EE& iru d zkloh/ xqwlo +[+w,, mxpsv wr d vwdwh m @5 VE&n3 _ VE&n 1 Wklv
fodulhv wkh dpeljxlw| sureohp wkdw lv vroyhg e| wkh vhfrqg dvvxpswlrq/
vlqfh wklv dvvxpswlrq hqvxuhv wkdw lw lv fohduo| ghwhuplqhg zkdw kdsshqv wr
wkh exhu frqwhqw lpphgldwho| diwhu +[+w,, mxpsv iurp m 5 VE&n3 _VE&n wr
l @5 VE&n3 _ VE&n 1
Xqghu wkh dvvxpswlrqv deryh lw fdq eh vkrzq wkdw wkh mrlqw surfhvv
+[+w,> F+w,, lv uhjhqhudwlyh zlwk qlwh h{shfwhg f|foh ohqjwk1 Khqfh lw frq0
yhujhv lq glvwulexwlrq wr d sdlu ri udqgrp yduldeohv +[>F,1 Lwv glvwulexwlrq
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zloo eh ghqrwhg e|
I+|, @ Su^[ @ l> F  |‘> l @ 4> = = = >Q> 3  |  E=
Rxu jrdo lq wkh qh{w vhfwlrq lv wr qg h{solflw h{suhvvlrqv iru wklv glvwulex0
wlrq1
6 Wkh glhuhqwldo htxdwlrqv
Lq wklv vhfwlrq zh jlyh wkh htxdwlrqv wkdw ghwhuplqh wkh vwdwlrqdu| glvwulex0
wlrq zh duh orrnlqj iru/ erwk iru wkh qlwh0 dqg wkh lqqlwh0exhu fdvh1 Zh
vwduw r e| ghqlqj iru n @ 4> = = = >N> wkh iroorzlqj ixqfwlrqv/
I
E&
 +w> |, @ Su^[+w, @ l> F+w,  |‘> w  3> EE&3 ? | ? EE&> l 5 V=
+7,
Li zh h{suhvv I E& +w.k> |, lq wkh I
E
 +w> ,/ m @ 4> = = = >Q / c @ 4> = = = > n> +dqg
dq r+k, whup, lq wkh xvxdo zd|/ vhh h1j1 ^5‘/ dqg vxevhtxhqwo| ohw k$ 3/ zh
qg wkh Nroprjrury iruzdug htxdwlrqv iru uhjlph n/
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Khuh/ dv lq wkh uhpdlqghu/ I E& +E
E&, vwdqgv iru olp+E& I
E&
 +|, dqg I
E&n
 +E
E&,
iru olp+E& I
E&n
 +|,1 Dvvxplqj vwdwlrqdulw|/ zh qrz vhw I
E&
 +w> |, 
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I
E&
 +|, dqg
Y8
E&

E|c+
Y|
 3 iru l @ 4> = = = >Q / vr wkdw zh duulyh/ lq pdwul{
irup/ dw
UE&
gIE&+|,
g|
@ +TE&,A IE&+|,
. + TE&3 TE&,A IE&+EE&3,
. +TE&3  TE&3,A IE&3+EE&3,
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. +TE  TE,A IE+EE,
. + TEf TE,A IE+3, n @ 4> = = = >N= +8,
Qrwlfh wkdw/ xqolnh lq wkh Pdunry prgxodwhg vhwwlqj/ wkhvh htxdwlrqv duh
lqkrprjhqhrxv +dsduw iurp wkh rqh iru n @ 4 li TEf @ TE,1 Rqfh zh vroyhg
wkh N pdwul{ glhuhqwldo htxdwlrqv +8, xvlqj vrph dssursuldwh erxqgdu|
frqglwlrqv/ zh duh grqh lq wkh lqqlwh exhu fdvh1 Wkh suredelolw| I+|,
wkdw zh duh orrnlqj iru lv wkhq jlyhq e| I+|, @ IE&+|,/ zkhuh n lv vxfk wkdw
EE&3  | ? EE&1
Lq wkh qlwh exhu fdvh wkh vdph lv wuxh iru | ? E1 Krzhyhu zh qrz dovr
kdyh wr qg s  I+E,> l @ 4> = = = >Q / wkh vwdwlrqdu| suredelolw| wkdw wkh
uhjxodwlqj surfhvv lv lq vwdwh l1 Gxh wr wkh suhvhqfh ri ihhgedfn wkhvh sured0
elolwlhv fdqqrw eh irxqg ehiruhkdqg dv lq wkh wudglwlrqdo Pdunry prgxodwhg
 xlg prghov1 Krzhyhu/ zh fdq zulwh grzq edodqfh htxdwlrqv iru wkhp lq
whupv ri wkh ixqfwlrqv I E& yld wkh iruzdug Nroprjrury htxdwlrqv iru wkh
surfhvv +[+w,,1 Zh qg lq pdwul{ irup
3 @ + TEg,A s
. +TEg  TEg,A IEg+E,
. + TEg3 TEg,A IEg+EEg3,
. +TEg3  TEg3,A IEg3+EEg3,
111
. +TE  TE,A IE+EE,
. + TEf TE,A IE+3,= +9,
7 Vroxwlrq iru wkh qlwh exhu
Rxu qh{w vwhs lv wr vroyh wkh pdwul{ glhuhqwldo htxdwlrqv +8, iru n @
4> = = = >N> lq wkh fdvh wkdw E ?41 Wr ghdo zlwk wkh lqkrprjhqhrxv whupv zh
9
uvw glhuhqwldwh zlwk uhvshfw wr |/ vr wkdw zh qg krprjhqhrxv htxdwlrqv
iru i E&+|,  _6E&E+
_+
1 Zh zulwh grzq wkh vroxwlrq iru wkh uhvxowlqj v|vwhp
ri htxdwlrqv xvlqj wkh vshfwudo phwkrg1 Wkhuhiruh zh uvw kdyh d orrn dw
wkh hljhqv|vwhpv
+UE&,3+TE&,Ay
E&
 @ }
E&
 y
E&
 > m @ 4> = = = >Q> n @ 4> = = = >N> +:,
zkhuh }E& dqg y
E&
 > m @ 4> = = = >Q duh wkh m0wk hljhqydoxh dqg hljhqyhfwru
fruuhvsrqglqj wr wkh pdwul{ +UE&,3+TE&,A 1 Rughulqj wkh hljhqydoxhv df0
fruglqj wr wkhlu uhdo ydoxhv/ lw lv nqrzq wkdw
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vhh h1j1 ^:‘1 Lq sduwlfxodu zh qg wkdw 3 lv d vlpsoh hljhqydoxh/ dqg wkdw
h{dfwo| Q E&n hljhqydoxhv kdyh vwulfwo| qhjdwlyh uhdo sduw1
Lq wkh fdvh wkdw doo hljhqydoxhv duh glhuhqw/ zh qg wkh vroxwlrq wr wkh
glhuhqwldwhg v|vwhp wr eh ri wkh irup
i E&+|, @
[
'
d
E&
 h
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 >
vr wkdw lqwhjudwlrq lpphgldwho| |lhogv
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+|, @
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Lq wrwdo wkhuh duh 5NQ .Q xqnqrzqv lq wklv h{suhvvlrq/ qdpho| dE& > z
E&
 >
dqg s iru l> m @ 4> = = = >Q dqg n @ 4> = = = >N1
Zh qrz frxqw wkh qxpehu ri erxqgdu| frqglwlrqv wkdw zh kdyh dw rxu
glvsrvdo1 Vxevwlwxwlrq ri +;, lqwr wkh ruljlqdo/ lqkrprjhqhrxv glhuhqwldo
htxdwlrqv +8, |lhogv NQ uhodwlrqv wkdw kdyh wr eh vdwlvhg1 Lq pdwul{irup
wkhvh duh jlyhq dv
d
E&

E&
n n
UE&y
E&

E&
n n
@ +TE&,AzE&
. + TE&3 TE&,A IE&+EE&3,
. +TE&3  TE&3,A IE&3+EE&3,
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. +TE  TE,A IE+EE,
. + TEf TE,A IE+3, n @ 4> = = = >N=+<,
:
Dv dq dvlgh zh phqwlrq wkdw zkhq TEf @ TE/ lw iroorzv wkdw dE

E
n n
@ 3
dqg wkdw zE lv d pxowlsoh ri yE

E
n n
/ dv vkrxog eh h{shfwhg1 Wkh uhpdlqlqj
erxqgdu| frqglwlrqv iru wkh qlwh exhu fdvh fdq eh vwdwhg dv iroorzv1
I
E
 +3, @ 3> l 5 VEn > +43,
I
E&
 +E
E&, @ I
E&n
 +E
E&,> l 5 VE&nn ^ VE&3 > n @ 4> = = = >N  4> +44,
I
Eg
 +E, @ s> l 5 VEg3 > +45,
[
'
s @ 4 dqg edodqfh htxdwlrqv +9,= +46,
Frqglwlrq +43, +uhvshfwlyho| +45,, vwdwhv wkdw wkh exhu lv hpsw| +ixoo, zlwk
suredelolw| 3 zkhq lw lv oolqj xs +ehlqj gudlqhg,1 Frqglwlrq +44, hqvxuhv
wkdw wkh glvwulexwlrq ri +[>F, kdv qr suredelolw| pdvv dw +l>EE&,/ xqohvv
l 5 VE&n3 _ VE&n / lq zklfk fdvh wkhuh lv d frq xhqfh ri guliwv lq EE&1
Ghqrwlqj wkh fduglqdolwlhv ri VE&n dqg V
E&
3 e| Q
E&
n dqg Q
E&
3 / zh frxqw
wkh qxpehu ri frqglwlrqv lq +<,  +46, dv
NQ .Q
E
n .
g3[
&'

Q
E&
3 .Q
E&n
n

.Q
Eg
3 .Q @ 5NQ .Q>
zkhuh zh rqfh djdlq xvhg Dvvxpswlrq 5 lq Vhfwlrq 5/ dv zhoo dv wkh idfw wkdw
rqh ri wkh Q frqglwlrqv lq +9, lv olqhduo| ghshqghqw rq wkh rwkhuv1 Iurp
wkhvh htxdwlrqv doo 5NQ .Q xqnqrzqv fdq eh ghwhuplqhg1
Wkhruhp 714 +Ilqlwh exhu vl}h E,
Li wkh hljhqydoxhv }E& > m @ 4> = = = >Q ri wkh pdwulfhv +U
E&,3+TE&,A > n @
4> = = = >N duh vlpsoh/ wkh vwdwlrqdu| glvwulexwlrq ri wkh surfhvv +[+w,> F+w,,
lv jlyhq e| +;, zkhuh wkh 5NQ . Q xqnqrzqv dE& > z
E&
 > dqg s/ l> m @
4> = = = >Q> n @ 4> = = = >N/ fdq eh irxqg e| wkh 5NQ .Q erxqgdu| frqglwlrqv
+<,+46,1
Zkhq qrw doo hljhqydoxhv duh vlpsoh/ wkh irup ri wkh vroxwlrq lv glhuhqw/
exw wkh qxpehu ri sdudphwhuv wkdw kdyh wr eh vroyhg e| erxqgdu| frqglwlrqv
uhpdlqv wkh vdph1
Rqfh wkh vroxwlrq kdv ehhq rewdlqhg/ zh fdq hdvlo| ghulyh h{suhvvlrqv
iru ydulrxv shuirupdqfh lqglfdwruv1 Zh phqwlrq d ihz=
;
 Wkh suredelolw| wkdw wkh exhu ohyho lv dw ru ehorz | lv jlyhq e|S
' I
E&
 +|, zkhuh n lv vxfk wkdw E
E&3  | ? EE&1
 Wkh suredelolw| ri d ixoo exhu lv jlyhq e| 4S' I Eg +E,1
 Wkh dyhudjh dprxqw ri orvw  xlg shu xqlw ri wlph fdq eh jlyhq dvS
' u
Eg
 +s  I Eg +E,,1
 Wkh dyhudjh dprxqw ri cxqxvhg fdsdflw|* shu xqlw ri wlph fdq eh irxqg
dv S' uE I E +3,1
 Wkh suredelolw| wkdw wkh exhu ohyho lqfuhdvhv lv
g[
&'
[
M7
E&
n
+I
E&
 +E
E&, I E& +EE&3,,=
8 Vroxwlrq iru wkh lqqlwh exhu
Lq wkh fdvh E @ EEg @4 zh djdlq qg
IE&+|, @
[
 '
E&
n n
d
E&

}
E&

h5
E&
 +y
E&
 . d
E&

E&
n n
y
E&

E&
n n
| .zE&= +47,
Wkh xqnqrzq sdudphwhuv duh dE& / z
E&
 dqg s/ zkhuh l @ 4> = = = >Q / m @
4> = = = >Q / dqg n @ 4> = = = >N1 Krzhyhu/ gxh wr rxu vwdelolw| dvvxpswlrq lq
Vhfwlrq 5 zh nqrz wkdw wkh suredelolwlhv lq IEg+|, pxvw frqyhujh wr wkrvh
lq s dv | $4/ vr wkdw zh kdyh zEg @ s dqg dEg @ 3 iru doo m iru zklfk
Uh+}
Eg
 ,  31 Wklv phdqv wkdw zh kdyh Q .Q Eg3 xqnqrzqv ohvv wkdq lq
wkh qlwh exhu fdvh1 Wkh dfwxdo irup ri wkh vroxwlrq lq uhjlrq N ehfrphv
IEg+|, @

Eg
n[
'
d
Eg

}
Eg

h5
Eg
 +y
Eg
 . s> +48,
zkloh iru wkh rwkhu uhjlrqv wkh vroxwlrq uhpdlqv ri wkh irup +47,/ lq hdfk ri
zklfk Q hljhqydoxhv sod| d uroh1
Qh{w zh ghwhuplqh wkh qxpehu ri erxqgdu| frqglwlrqv1 Iluvw zh phqwlrq
wkdw zkhq zh vxevwlwxwh +48,/ lqwr wkh ruljlqdo/ lqkrprjhqhrxv glhuhqwldo
<
htxdwlrq +8, iru n @ N/ zh dfwxdoo| qg wkh Q htxdwlrqv iru s/ wkdw qrz
wdnh wkh irup
3 @ +TEg,A s
. + TEg3 TEg,A IEg+EEg3,
. +TEg3  TEg3,A IEg3+EEg3,
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. +TE  TE,A IE+EE,
. + TEf TE,A IE+3,= +49,
Wklv ohdgv wr d uhgxfwlrq ri Q erxqgdu| htxdwlrqv1 Qrwlfh wkdw dv lq
wkh qlwh exhu fdvh/ +49, kdv rqo| Q  4 olqhduo| lqghshqghqw htxdwlrqv/
zkloh zh dovr kdyh wkh qrupdol}dwlrq frqglwlrq
[
'
s @ 4= +4:,
Wkh rwkhu erxqgdu| frqglwlrqv uhpdlq wkh vdph dv iru wkh qlwh exhu
fdvh/ dsduw iurp wkrvh lq +45, wkdw gr qrw dsso| khuh1 Khqfh/ zh kdyh d
wrwdo ri 5NQ Q Eg3 xqnqrzqv wkdw fdq eh vroyhg e| dq htxdo qxpehu ri
erxqgdu| frqglwlrqv1 Iru frqyhqlhqfh zh vxppdul}h wklv lq wkh iroorzlqj
wkhruhp1
Wkhruhp 814 +Lqqlwh exhu vl}h,
Li wkh hljhqydoxhv }E& > m @ 4> = = = >Q ri wkh pdwulfhv +U
E&,3+TE&,A > n @
4> = = = >N duh vlpsoh/ wkh vwdwlrqdu| glvwulexwlrq ri wkh surfhvv +[+w,> F+w,,
lv jlyhq e| +47, iru n @ 4> = = = >N  4 dqg e| +48, iru uhjlph N/ zklfk krogv
deryh wkh odvw +qlwh, wkuhvkrog EEg31 Wkh 5NQ  Q Eg3 xqnqrzqv lq
wklv vroxwlrq fdq eh irxqg e| wkh NQ .Q Q Eg3 erxqgdu| frqglwlrqv lq
+43,/ +44,/ +49, dqg +4:,/ wrjhwkhu zlwk wkh NQ  Q uhodwlrqv lq +<, iru
n @ 4> = = = >N  41
Djdlq/ zkhq qrw doo hljhqydoxhv duh vlpsoh/ wkh jhqhudo irup ri wkh vr0
oxwlrq lv glhuhqw/ exw wkh qxpehu ri sdudphwhuv wkdw kdyh wr eh vroyhg e|
erxqgdu| frqglwlrqv/ uhpdlqv wkh vdph1
9 H{dpsoh
Dv d vlpsoh looxvwudwlrq ri wkh phwkrg zh frqvlghu d exhu wkdw lv ihg e|
43 lghqwlfdo dqg lqghshqghqw rq0r vrxufhv1 Ohw [+w, ghqrwh wkh qxpehu
43
ri dfwlyh vrxufhv dw wlph w> zh fkrrvh wkh surfhvv +[+w,, dv wkh uhjxodwlqj
surfhvv1 Dv ehiruh/ F+w, zloo ghqrwh wkh exhu frqwhqw dw wlph w1 Wkh wrwdo
vl}h ri wkh exhu lv E @ 4 dqg lwv rxwsxw fdsdflw| lv f @ 441 Wkh r0wlphv ri
wkh vrxufhv duh h{srqhqwldoo| glvwulexwhg zlwk sdudphwhu 61 Zkhq d vrxufh
lv lq wkh rq0vwdwh lw vhqgv d mre wkdw kdv dq h{srqhqwldoo| glvwulexwhg vl}h
zlwk sdudphwhu 51 Hdfk vrxufh lv doorzhg wr vhqg dw udwh 7 zkhq wkh exhu
frqwhqw lv ehorz E @ 3=;/ zkloh wkh udwh gursv wr 5 zkhq wkh frqwhqw
lv deryh 31;1 Khqfh/ jlyhq wkdw wkh exhu frqwhqw lv ehorz 31;/ wkh rq0
wlphv duh h{srqhqwldoo| glvwulexwhg zlwk sdudphwhu ;/ zkloh wkh sdudphwhu
lv 7 dw wlphv zkhq wkh exhu frqwhqw lv deryh 31;1 Qrwlfh dovr wkdw wkh
frqwhqw ohyho pd| vwd| dw 31; iru d zkloh zkhq 6/ 7 ri 8 vrxufhv duh dfwlyh1
Lq wklv fdvh wkh wrwdo dfwxdo vhqglqj udwh lv 44/ l1h1 wkh rxwsxw fdsdflw|/
zklfk lv htxdoo| vkduhg dprqj wkh dfwlyh vrxufhv1 Dv d frqvhtxhqfh wkh
wudqvlwlrq lqwhqvlw| ri wkh surfhvv +[+w,, iurp vwdwh l wr l  4/ jlyhq wkdw
wkh exhu surfhvv uhpdlqv dw 31;/ lv htxdo wr 551 Wkhvh frqvlghudwlrqv doorz
xv wr zulwh grzq wkh gldjrqdo pdwulfhv UE dqg UE2/ dv zhoo dv wkh wul0
gldjrqdo pdwulfhv TE/ TE2 dqg TE1 Qrwlfh wkdw TEf @ TE dqg TE2 @
TE21 Diwhu wkh qxphulfdo ghwhuplqdwlrq ri wkh hljhqv|vwhpv ri wkh pdwulfhv
+UE,3+TE,A dqg +UE2,3+TE2,A / zh dsso| wkh dssursuldwh erxqgdu|
frqglwlrqv wr qg wkh 88 xqnqrzqv +qrwh wkdw Q @ 44 dqg N @ 5,1 Diwhu
vroylqj wklv +olqhdu, vhw ri htxdwlrqv/ wkh vwdwlrqdu| glvwulexwlrqI ri wkh mrlqw
surfhvv +[+w,> F+w,, fdq eh irxqg qxphulfdoo|1 D judsklfdo uhsuhvhqwdwlrq
ri Su^F  |‘ @ Sf'f I+|, lv jlyhq lq Iljxuh 41 Dv dq looxvwudwlrq ri wkh
glhuhqw vkdshv ri wkh ixqfwlrqv I+|,/ zh dovr lqfoxghg Iljxuh 5 lq zklfk
I+|,/ ID+|, dqg I.+|, duh sorwwhg/ zlwk glvfrqwlqxlwlhv lq 3/ 31; dqg 4/
uhvshfwlyho|1 Ilqdoo|/ wkh suredelolw| ri d ixoo exhu lv 4Sf'f I E2 +4, @
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Iljxuh 4= Suredelolw| glvwulexwlrq ixqfwlrq ri F
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Iljxuh 5= Wkh ixqfwlrqv I+|,/ ID+|, dqg I.+|,
3=377/ zkloh wkh dyhudjh dprxqw ri orvw  xlg shu xqlw ri wlph lv jlyhq e|
f[
'f
+5m  44,+s  I E2 +4,, @ 3=44; =
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